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Abstract. The purpose of this paper is to give some new identities for the Bernoulli, 
the Euler and the Genocchi numbers and polynomials. 



1. Introduction 

Let p be a fixed odd prime and let Zp, Qp, C and Cp denote the ring of p-adic 
rational integers, the field of p-adic rational numbers, the complex number field and 
the completion of algebraic closure of Qp. The p-adic absolute value in Cp is normalized 
so that \p\p = ^. For / G UD{Z,p), let us start with the expression 

o<j<p^ o<i<p^ 

representing analogue of Riemann's sums for /, cf.[l-10]. 

The fermionic p-adic invariant integral of / on Zp will be defined as the limit (A^ 
oo) of these sums, which it exists. The fermionic p-adic invariant integral of a function 
/ G UD{Zp) is defined in [1, 4, 5, 10] as follows: 

(1) /(/)=/ /(x)rfMx)=lim E /(j)Mj+P^Zp)= lim E 

o<i<p^ o<i<p^ 
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EULER NUMBERS AND POLYNOMIALS 



From (1), we note that 

/(/i) + /(/) = 2/(0), where h{x) = f{x + 1). 
By using integral iterative method, we also easily see that 

n-1 

(2) I{fn) + = 2 where Ux) = f{x + n) for n e N. 

1=0 

For d a fixed positive even integer with {p, d) = 1, let 

X = Xrf = iimZ/dp^Z, Xi = Zp, 

AT 

X* = y a + dpZp, 

0<a<dp 
(o,p) = l 

a + dp^Zp = {x G X \ X = a (mod dp^)}, 

where a G Z lies in < a < dp^ ^ (see [1-10]). Recently, several authors have studied the 
properties of p-adic invariant integral on Zp related to Euler numbers and polynomials 
(see [1, 2, 4, 5, 7, 8, 9, 10]). The integral equation (2) for n = 1 {mod 2) are useful to 
study the congruence of Euler numbers and polynomials (see [1, 2, 4, 5, 7, 8, 9, 10]). In 
this paper, we consider the equations of the fermionic 7?-adic invariant integral on Zp 
for n = {mod 2). From those equations of the fermionic p-adic invariant integral on 
Zp for n = {mod 2), we derive some interesting and valuable identities for the Euler, 
the Genocchi and the Bernoulli numbers and polynomials. 

2. SOME IDENTITIES OF THE BERNOULLI, THE EULER 

AND THE Genocchi numbers and polynomials 
If n = {mod 2) in (2), then we see that 

n-1 

(3) /(/„)-/(/) = 2 5](-l)'-V(0, fn{x) = f{x + n). 

1=0 

Let us take f{x) = e*^. Then we have 

e^*d//(a;) = ;~ ^ —, for d e N with d = {mod 2). 



(4) 
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It is easy to see that 



where are the n-th Euler numbers. 
From (4), we can also derive 



J&p Z=0 ^ ^ 



(6) 

1=0 \n=l / n=0 \ «=0 / 

where Bn{x) are the n-th BernouUi polynomials. 
Thus, we have 

d-i 



r 2d'"' I 

(7) / x^'di^ix) = y where deN with d=0 (mod 2). 

J J n + 1 ^-^ d 

By (4) and (5), we also see that 

(8) X«"*W = ;yTT = ^^"iS- 

■'^p n=0 

where En are the n-th Euler numbers. 

From (7) and (8) , we obtain the following theorem. 

Theorem 1. For n e Z_(_, d eN with d = {mod 2), we have 

1=0 

It is easy to show that 

(9) 

«=0 n=0 n=0 \ /=0 / 
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EULER NUMBERS AND POLYNOMIALS 



From (3), we can easily derive the following equation (3). 

(10) / ei'^-H^iy) = y e« = -^e" = E ^.('^)^- 

"'^p n=0 

By (3), (9) and (10), we have 
and 

i (Er^id) = fi:(-l)^-^ (Sn+l(^ + 1) - 5n+l(^))) = ^(-l)'-^^. 

\/=0 ^ J 1=0 

Therefore, we obtain the following theorem. 

Theorem 2. For d eN with d = {mod 2), n e Z+, we have 

and 

\{Er,{d)-E^) = Y,{-iy-H\ 

1=0 

Let us define the n-th Genocchi polynomials as follows: for d e N with d = 
{mod 2), 

(11) t / e(-+^)*d/.(y) = ^^^-^^^H^e- = 5^ Gr.{x)'-. 

J J e"-^ — 1 n! 

Thus, we note that 
(12) 

/=0 n=0 

=E(2rf"-'E(-i)'-'B„(^)) 

n=0 \ Z=0 / ■ 

By comparing coefficients on the both sides of (11) and (12), we obtain the following 
theorem. 
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Theorem 3. For d with d = {mod 2), we have 

^ = d--' i:(-l)^-'^n(^), for n G Z+. 

Recently, several authors have studied the generalized Euler numbers and polyno- 
mials attached to the Dirichlet's character with odd conductor (see [1, 2, 4, 5, 7, 8, 
9, 10, 11, 12]). Now, we consider the generalized Euler polynomials attached to the 
Dirichlet's character with even conductor. For d & N with d = {mod 2), let x be the 
Dirichlet's character with conductor d. From (2), we note that 



(13) /^xMe'-^"'-.M.)=( ^^--°yr;"'''" ' 



Let us define the generalized Euler polynomials for the Dirichlet's character with even 
conductor as follows: for d G N with d = {mod 2), 

\ / n=0 

From (13) and (14), we can also derive the following equation: 

X{y){x + yrdn{y) = En,Ax), for n G Z+. 



The n-th Genocchi polynomials are also defined by 
(15) 

edt _i r"'' = I] <^n,x(^)^' where d G N with d = {mod 2). 



n=0 

By (15), we see that 
(16) 

n=0 /=0 /=0 n=0 

oo ( d—1 , ^ fn 

2d"-'B-i)'-'x(i)s4^) ^. 

n=0 I 2=0 ^ J 

By comparing coefficients on the both sides of (16), we obtain the following theorem. 
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Theorem 4. Let d = {mod 2) . Then we have 



/=0 



Moreover, Gq^^{x) = 0, and En,x{x) = 
It is not difficult to show that 

2 x(a;)e^*(i^(a;) 

(1'^) oo / dn-1 



X{x)e^'^'^^''^^dii{x) - I x{x)&^^ dii{x) 

Jx 

oo / dn—1 ^ 

^ 2 5](-iy-W 



fc=0 \ /=0 



k\ 



Let Tfe^(n) = Ta^q^-'^) x{l)l ■ From (17), we note that 
(18) 



2 r Y(x)e^*dLi(x) 

% e-<^-Hn{x) = E 2r^>x(rfn - 1)^, where d e N with d ^ {mod 2), n G Z+, 



and 
(19) 

/x Jx e^«'i^i+^2^2)*x(a;i)x(x2)d/i(xi)(i//(x2) 



IX 



(jj^r^^^i^^^) (ExW'''"°'(-ir-'j (ExW(-i)'-'''"" 



where d G N with d = {mod 2), and wi,W2 G N. 
Let 



K(x; wi,«;2|x) = 



e'^^^''H^i{x) 



By (18), we see that -ftr(x; mji, W2\x) is symmetric in tui and W2- From(19) and Theorem 
4, we obtain the following theorem. 
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Theorem 5. For d & N with d = (mod 2), let x be the Dirichlet's character with 
conductor d. Then we have 

i=0 ^ ^ 1=0 

= E (D 7TT E(-i)^"x(0i?.+i(^^)T.-.x(rf-2 - l)«;>l-^ 

i— n ^ ;— n 
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